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In this supplementary document, we consider a simple and natural dy-
namic process that determines which platforms garner maximal support over
time. We show that the process converges to the unique equilibrium distrib-
ution over policies and coalitions in our main result. This global convergence
result provides a dynamic foundation for our equilibrium concept.

Time is discrete and denoted by ¢ = 1,2,.... In each period ¢, there is
a distribution oy over platforms (a,C,S), where a € {¢,h}, C C N, and
S € S. Let the initial oy be any distribution with full support over the set
of platforms using admissible coalitions. Since the set of platforms is finite,
this distribution is well-defined. The distribution o; evolves according to the

following adjustment. For every t > 2, let

(a,C,S), € argmax U,,(a',C", 5",
(a/,C/7S/)
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where ties can be broken arbitrarily. Then, let

H—Ll—i_HLlat(a’C’S) if (G,C,S) = (a’st)t
oi11(a, C, S) =
0i(a,C, S) otherwise.

Thus, for ¢ large enough, we can essentially view oy(a, S, C) as the empirical
frequency with which platform (a, C,S) has been dominant in the available

history of data.

Proposition 1. Every limit point o of the process o; induces the same distri-
bution over policy-coalition pairs (a, C') as that induced by the unique essential

equilibrium o*.

This result formalizes and generalizes the dynamic convergence process
we discussed in the context of the two-group specification in Section 3.
Proof of Proposition 1

In this proof, we denote platforms by z whenever convenient to simplify
notation. For every t, let 2z, = (a;, Cy, S;) € argmax, U,,(2) be the dominant
platform at period ¢ and let U,, = U,,(%) be the payoff it generates. Note
that if there exists T such that z; # (a,C, S) for all ¢ > T, then oy(a,C, S) —
0 as t — oco. Recall that U* = ¢- F(NY, g) > 0. The proof proceeds stepwise.

Step 1. U,, > U* for everyt.

Proof. Since o1 has full support, o,(NY,g,{0}) > 0 for every finite t; there-
fore, Uy, > Uy, (N9, g,{0}) = U* for every t. ]
Step 2. If z, = (h,C, S), then C = N" and U,,(h,C,S) = U*.

Proof. For every platform (h, C, S) such that C C N*, U,,(h,C,S) < U,,(N9,g,{0})
because Pry,(y =1 | x5(h,C)) < g and F(h,C) < F(NY,g). This also im-
plies that U,,(NY,g,S) < U* for all S and hence the last equality. ]



Step 3. For allt, there exists t' >t such that zy = (NY,g,S) for some S.

Proof. Step 1 implies that

liminf U,, > U*.

t—o00

Suppose there exists ¢ such that zy = (¢,Cy,Sy) for all ¥ > t. This
implies that Pr,,(y = 1 | zg(a;,C;)) — 0, which is inconsistent with
liminf, .o Uy, > 0. O

Step 4. liminf U,, = U*.

Proof. We have already established that liminf, .., U, > U*. Note that, if
U,, > U*, then 7, = (¢,C,S) for some C' and S, because U,,(h,C’,S") < U*
for all ¢’ and S’. Now suppose liminf, ., U,, > U*. Then, there exists T
such that for all t > T', z; involves policy a = ¢. This contradicts Step 3. [

Recall that

ZC/’S"fs(h,C’)zms(a,C) Ut(ha Cla S,)
Za',C’,S’|w5(a’,C’):mS(a,C) O't(a/7 O/’ S/)

Pro(y =1]xs(a,C)) = q-

A

Step 5. If z; = (NY9,¢,5) and x5(NY, g) = zs(¢,C), then

PTUH—I(y =1 ‘ $5(€, C)) > Prat<y =1 ‘ 375(67 C))



~

Proof. Given z; = (NY,g,5), for every (¢,C, S) such that x5(NY, g) = zs(¢,C),

1 t
p _ 0O — g + 5T 20 S es (o) =as (0.0 Ot (R ', S
Tat+1(y_1|x5(7 ))_qL—FLZ (’C’/Sl>
t+1 t+1 a’,C’,S'|xs(a’,C/):ggS(£,C) O-t a ) 9
—gq T 20 s hen=as i) Ot(h, €' 5)
% + Za’,C’,S’|ms(a’,C’)=w5(Z,C) O-t(a/, C/, Sl)
ZC':S/|$S(h,C’)=:ES(Z,C) at(h> 0/7 S,)
Za'@",s’\xs(a’,C’):xs(Z,C) O't(a,, 0,7 S/)

= Pro,(y =1]x5((,C))

>q

Step 6. If z; = (f,é’, g), then for every (¢,C,S),
PTUt-H(y =1 ’ $S(£, C)) < PTUt(y =1 | xs(& C))

with strict inequality if and only if zg(¢,C) = z4(¢,C).

Proof. 17, = (¢,C,S) and 25(¢, C') # x5(¢, C), then by definition, Pr,,,, (y =
1| 25(¢,C)) = Pro,(y = 1| 25(¢,C)). Now suppose that z, = (¢,C, S) and
z5(¢,C) = zg(¢,C). Then,

Praly =1 a5(0,0)) = g ZeS estecrzsste) 01 7 5)
P Za’,C’,S'|xS(a’,C'):zS(E,C) oi(a, C", S")
_ ZC’,S’|xS(h,C”):xS(Z,C’) oi(h,C", S")
T o Sas a0y =as(e.0) Ot(@ O, S)
201 5 (h)=ese.c) Ot O 5")
Do s (@, C)=as(e.0) Ot C1LST)
= Pry,(y=1]zs5((,C))

<q

]

Step 7. If (¢,C,S) is such that xs({,C) # x5(NY,g), then o,(¢,C,S) — 0
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ast — 00.

Proof. Suppose o,(¢,C,S) # 0. Then, there exists a subsequence such that
o(¢,C,S) — & > 0, which implies that the denominator of Pr,,(y =
1|zs(¢,C)) converges to a strictly positive number along the subsequence.
However, the numerator of Pr,,(y = 1|zs(¢,C)) converges to zero by Step 2,
because o;(h,C’,S") — 0 if 25(h,C") = x5(¢,C) and hence C™*. Therefore,
U,,(¢,C,S) — 0 along the subsequence, which contradicts o,(¢,C,S) — & >
0. [

Step 8. If (¢,C,S) is such that xs(¢,C) = xs(NY,g), then

lim inf > 0u(h,C’,5") = lim inf Y a(N%g,8)=0>0
C",S"xs(h,C")=z5(¢,C) S’

Proof. The first equality follows because o;(h,C’,S") — 0 if C"" by Step 2
and because xg(¢,C) = xg(IN9, g). The last inequality is strict because, if
o = 0, there exists a subsequence such that ., ¢ 0¢(h,C’,S') — 0 and
hence 04(¢,C,S) — ¢ > 0 for some (¢,C, S) such that zg(¢,C) = z5(NY, g).
However, in this case there exists T" such that for all £ > T in this subsequence
the numerator of Pr,,(y = 1| zg(¢,C)) becomes arbitrarily small and hence
U,,(¢,C,S) < U*, which is inconsistent with & > 0. ]

Step 9. limsup, .. U,, < U*.

Proof. Suppose limsup, . U, = U > U*. Let

P= {(5, C,S) | lim sup Uy, (¢,C,S) = U} 7

t—oo

which must be non-empty because the set of platforms is finite. Note that
(¢,C,S) € P only if x5(¢,C) = x5(NY,g). By finiteness of P, there exists
a common subsequence, 1", and € > 0 such that for all # > T in this sub-
sequence Uy, (¢,C,S) > U* +¢ for all (¢,C,S) € P. By Step 3, there must
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exist a t > T (not necessarily in the subsequence) such that z; = (N9, g, 5)
and hence U,, = U*. Therefore, U,,(¢,C,S) < U* for all (¢,C,S) € P. By
Step 5, for all (¢,C,S) € P,

%+ZC’,S’|IS(}L,C’):ZS(€,C) ot(h,C",8")
Usiis (6, C, S) L R e GO D)

U, (¢,C.8) ( 2201,8 |ag (h,C")= IS(eC)Ut(hC S") )

Z al,C’, S/\Is(a’ C’)—ZS(Z C) O't a’ C S/

( 220 S ag(h, 0 =ag(e,c) Tt (BC, S)>

Z r.c’ Sllzs(a/ C')—zS(Z ) O't a’ C S’
<

( D201 St ag(h.c=xg(e,0) Ot (A,C",S") )
Z al,C!,8" |z g (a! ,C'y=x4(£,C) O’t(a c’,s!
1

— t 1
ZC’,S’MS(h,C/):xS(g’Cf) Jt(hv Cla S,)

which converges to 1 as t — oo by Step 8. Therefore, for every 6 > 0, we can
pick T large enough such that, for all ¢ > T such that z, = (h, C, ),

U0t+1 (f, C? S)

<1
U, (5 StH°

for all (¢,C,S) € P. Finally, this means that we can also pick T and t > T so
that z, = (h,C, S) and U,,,, (¢,C, S) < U*+e for all (¢,C, S) € P. Therefore,
Uy, (0,C,8) < U* +¢ for all (¢,C,S) € P and all k> 1, because by Step

6 the payoff of (¢,C,S) is weakly decreasing when U,,(¢,C,S) > U*. We,

thus, reach a contradiction. O]

Steps 4 and 9 imply that lim, ., U,, = U*. Now, denote by ¥ the set of

limit points of o;.

Step 10. All o € ¥ must induce the same joint distribution over (a,C'), and

this distribution must coincide with the unique equilibrium distribution.

Proof. Note that U,(z) is continuous in o for all z. The previous conclusion

implies that, for every o € ¥ and every z, U,(z) < U*, with equality for

6



z € Supp(c). The equilibrium characterization results in Sections 3 and 4
established that every ¢ that satisfies this property induces the same distri-

bution over (a,C). This completes the proof. O



