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Abstract

This review presents an approach to modeling decision making un-

der misspecified subjective models. The approach is based on the idea

that decision makers impose subjective causal interpretations on ob-

served correlations, and borrows basic concepts and tools from the Sta-

tistics/AI literature on Bayesian Networks. While this background lit-

erature used Bayesian networks as a platform for normative and com-

putational analysis of probabilistic and causal inference, here graphical

models represent causal misperceptions and help analyzing their be-

havioral implications. I show how this approach sheds light on earlier

equilibrium models with non-rational expectations, and demonstrate

its scope of economic applications.
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1 Introduction

Few social-science mottos are more familiar than “correlation does not imply

causation”. The motto even has its own Wikipedia entry. Yet its very pop-

ularity betrays how common it is for people to draw rash causal conclusions

from observational data. E.g., observing a correlation between parenting

style and children’s personality, people instinctively jump into the conclusion

that the former causes the latter - even though parental behavior could be a

reaction to the child’s temperament (see Harris (1998)). Likewise, prospec-

tive students are likely to interpret the correlation between academic degrees

and future salaries as a causal effect, underplaying unobserved personal char-

acteristics that partly explain this correlation. Finally, many of us exhibit

the so-called “illusion of control” and attribute other people’s behavior to

our own actions rather than to less salient causes that lie outside our control.

Yet confusion between correlation and causation is not exclusively prac-

ticed by laymen. In fact, it occurs regularly on the pages of economic-theory

papers. Consider a simple model of monopoly pricing. The seller determines

the price x of his product, after receiving a partially informative signal s

regarding an underlying demand parameter θ. The sold quantity is q. The

seller chooses x to maximize his profit π(x, q) with respect to the conditional

probability

Pr(q | s, x) =
∑
θ

Pr(θ | s) · Pr(q | x, θ)

Each of the two terms of the R.H.S summand is a conditional probability -

i.e. a description of some correlation between two variables. However, the

two correlations have different causal meaning. The first term is diagnostic,

answering the question “what is the underlying demand θ given the signal

s?” In contrast, the second term answers a causal question: “What is the

effect of the price x on sold quantity q, given the underlying demand θ?”

When economic theorists analyze such a model, they treat all of these

terms as conditional probabilities, giving no thought to the causal/diagnostic

distinction. In this sense, they practically “confuse correlation with causa-

tion”. The reason they can afford to do so is threefold. First, standard
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analysis assumes that agents reason in terms of a correctly specified model.

In particular, the above conditioning procedure mirrors the interaction’s un-

derlying causal structure, which is intuitively represented by the graph

θ → s → x

↘ ↙
q

(1)

Second, the conditioning procedure tacitly follows sound rules for causal in-

terpretation of probabilistic information (codified in Pearl (2009) - see Section

3.2). Finally, standard analysis presumes that the seller knows the prior joint

distribution over all relevant variables - i.e. there are no “hidden”variables.

This enables him to obtain a precise estimate of any conditional probabil-

ity that plays a role in his reasoning (specifically, the terms Pr(θ | s) and
Pr(q | x, θ)).
When these conditions fail - as they do in many real-life situations - we can

no longer afford to be sanguine about agents’causal reasoning. In particular,

we need to address four questions: Does the decision maker (DM) interpret
empirical regularities in his environment through the prism of a subjective

causal model? Is this model correctly specified? Does the observational data

at the DM’s disposal enable the quantification of causal effects (especially the

effect of his own actions on payoff-relevant consequences)? Which methods

for drawing such causal inferences does he employ?

In this review I present a framework for modeling imperfect causal rea-

soning in decision-making contexts. This framework borrows the notion of a

causal model - represented by a directed acyclic graph (DAG), of which (1)

is an example - from the literature on graphical models that lies at the inter-

section of Statistics and Artificial Intelligence. Historically, DAGs provided

a platform for automating probabilistic inference (Pearl (2014), Cowell et al.

(1999), Koller and Friedman (2009)) and later causal inference (Pearl 2009).

Recently, econometricians have debated the relevance of graphical causal

models for empirical work in economics (Heckman and Pinto (2015), Imbens

(2019)). In contrast, I adapt the DAG formalism to study flawed causal
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reasoning: DAGs will represent errors of causal attribution and provide tools

for studying their behavioral implications. Thus, the same apparatus that

undergirds normative probabilistic and causal reasoning in the Statistics/AI

literature is here put to use for descriptive modeling of causal reasoning

by boundedly rational agents. In this sense, my approach is closer in spirit

to psychologists’use of graphical models for expressing aspects of intuitive,

everyday causal reasoning (Sloman (2005)). The formalism also sheds light

on earlier notions of “equilibrium with non-rational expectations”. From this

perspective, this review offers a partial synthesis of models of non-rational

expectations through the lens of causal misperceptions.

2 An Example: The Dieter’s Dilemma

The following example, adapted from Spiegler (2016), illustrates the modeling

framework. A consumer who wishes to improve his health considers buying

a nutritional supplement at a cost k > 0. Denote a = 1 if he buys the

supplement and a = 0 otherwise. In reality, the supplement has no effect

on the consumer’s health: He is healthy (an outcome denoted h = 1) or

unhealthy (denoted h = 0) with equal probability, independently of whether

he consumes the supplement. The consumer’s payoff is h− ka. Therefore, a
consumer with rational expectations would not buy the supplement.

Now suppose that the binary variables a and h are correlated with a third,

payoff-irrelevant binary variable c, which indicates the level of some chemical

in the consumer’s blood: c = 0 means that the chemical level is normal. The

realization of c is a deterministic function of a and h , c = (1−a)(1−h). That
is, the consumer’s chemical level is abnormal if and only if he is unhealthy

and fails to take the supplement.

Although this is a one-shot decision situation, it is helpful to think of the

consumer as taking his decision after many generations of identical consumers

faced the same situation; a fraction α of this population chose a = 1. We

can thus describe the historical realizations of a, h, c by a joint probability

distribution p over (a, h, c): p(a = 1) = α; p(h = 1) = 1
2
independently of a;

and p(c = (1− a)(1− h) | a, h) = 1 for every a, h.
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Our consumer believes that this distribution has an underlying causal

structure, which is represented by the following directed acyclic graph (DAG)
G : a→ c→ h. That is, the consumer believes that his consumption decision

affects his blood chemical level, which in turn is the sole direct cause of health.

This causal belief is purely qualitative; it is entirely silent about the sign or

magnitude of the causal effects.

How does the consumer turn this qualitative model into a quantitative

belief? He simply measures the historical correlations between the variables

he deems causally related and combines them in accordance with his causal

model. Specifically, he measures the conditional probabilities (p(c | a)) and
(p(h | c)), such that his subjective belief regarding the health consequences
of his consumption decision is

pG(h | a) =
∑
c

p(c | a)p(h | c) (2)

where pG denotes the consumer’s subjective belief; the notation conveys the

idea of an objective distribution p viewed through the prism of the subjec-

tive causal model G. The consumer’s causal model focuses his attention on

particular correlations and instructs him how to combine them.

If the consumer’s causal model were correct, it would be legitimate to

write down p(h | a) exactly as (2) and to interpret it as an estimated causal
effect. The consumer’s only error is that the objective distribution p is in-

consistent with his subjective model causal. Indeed, it is consistent with a

different causal model, according to which a and h are independent causes of

c. This model can be represented by the DAG a → c ← h. The consumer’s

subjective causal model deviates from this “true model”by inverting the link

between c and h. We can thus regard the consumer’s causal misperception

as an instance of reverse causality. This is an illustration of the graphical

language’s ability to represent common errors of causal attribution.

Having defined the consumer’s belief, let us turn to describing his behav-

ior. As an expected-utility maximizer, he should choose the action a that

maximizes pG(h = 1 | a) − ka. However, note that pG(h | a) is ill-defined
without knowledge of α - namely, the consumption frequency in the popula-
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tion. The reason is that the definition of pG(h | a) contains the term p(h | c).
This term involves no explicit conditioning on a because the consumer be-

lieves that c is the sole direct cause of h. However, by the specification of

p, h and a are not independent conditional on c. (To see why, suppose we

know that the consumer’s chemical level is normal. If, on top of that, we

learn that he has not taken the food supplement, we must infer he is in good

health.) Indeed,

p(h = 1 | c = 0) = p(h = 1)p(c = 0 | h = 1)
p(a = 1) + p(a = 0)p(h = 1)

=
1
2
· 1

α + (1− α) · 1
2

=
1

1 + α

whereas

p(h = 1 | c = 1) = p(h = 1)p(c = 1 | h = 1)
p(a = 0)p(h = 0)

= 0

Therefore, a change in α leads to a change in (p(h | c)), which implies a
change in pG(h = 1 | a) and consequently a possible change in the subjective
optimality of any given action.

This suggests that although we are dealing with single-agent decision

making, a coherent description of the consumer’s behavior requires an equi-

librium definition. Accordingly, when α ∈ (0, 1), define it as a “personal
equilibrium” if both actions a = 0, 1 maximize pG(h = 1 | a) − ka. This

implies the indifference condition

pG(h = 1 | a = 1)− pG(h = 1 | a = 0) = k (3)

This notion of equilibrium captures a steady state in the population of ex-

ante identical consumers who face the same Dieter’s Dilemma.

To find the equilibrium, we need to calculate the relevant terms in (3):

pG(h = 1 | a = 1)
= p(c = 1 | a = 1)p(h = 1 | c = 1) + p(c = 0 | a = 1)p(h = 1 | c = 0)

= 1 · 1

1 + α
+ 0 · 0 = 1

1 + α
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and

pG(h = 1 | a = 0)
= p(c = 1 | a = 0)p(h = 1 | c = 1) + p(c = 0 | a = 0)p(h = 1 | c = 0)

=
1

2
· 1

1 + α
+
1

2
· 0 = 1

2(1 + α)

It follows that when k ∈ (1
4
, 1
2
), the unique personal equilibrium is α =

(1− 2k)/2k.1

Thus, the consumer’s reverse-causality error leads him to take the subop-

timal action of consuming a useless product with positive probability. The

prediction of a unique mixed strategy is an unmistakable equilibrium effect;

it would never arise under conventional, single-agent expected-utility maxi-

mization. This effect is a hallmark of decision making under a misspecified

model; it has precedents in the literature, which I will discuss later.

We can draw several lessons from this example. First, it suggests a lan-

guage for systematic description of a DM with causal misperceptions: The

DM forms a subjective belief by fitting a subjective causal model - repre-

sented by a DAG - to objective data. Second, the graphical representation

of subjective causal models can capture errors of causal attribution such as

reverse causality. Third, coherent description of decision making by an agent

with a misspecified causal model requires an equilibrium approach. The next

sections will develop these themes.

3 A Modeling Framework

An economic environment is described by a collection of variables x1, ..., xn.

For every subset B ⊆ {1, ..., n}, denote xB = (xi)i∈B. A steady state in this
environment is described by an objective joint probability distribution p over

these variables, with full support. A DM perceives this objective distribution

through the prism of a subjective causal model. Formally, a causal model is

1When k it outside these bounds, personal equilibrium does not involve mixing over
actions.
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a DAG G = (N,R), where N ⊆ {1, ..., n} is the set of nodes and R is the set
of directed links. For any node i ∈ N , let R(i) ⊂ N denote the set of nodes

j ∈ N for which there is a link j → i. A node corresponds to a variable,

whereas a link represents a perceived direct causal relation. Directedness and

acyclicity of the graph capture fundamental intuitions about causal relations.

Thus, the DAG (N,R) represents the DM’s perception of qualitative

causal relations in his environment. He quantifies them by estimating the

causal relations - i.e., by fitting his causal model to selective data extracted

from the objective distribution. Formally, the DM factorizes p according to

his DAG, as given by the following formula:

pG(xN) =
∏
i∈N

p(xi | xR(i)) (4)

E.g., the DAG G : 1→ 3→ 4← 2 induces the belief

pG(x1, x2, x3, x4) = p(x1)p(x2)p(x3 | x1)p(x4 | x2, x3)

The full-support assumption ensures that the factorization formula is well-

defined.

Formula (4) is familiar from the Bayesian networks literature, where a

Bayesian network is defined by a DAG and a probability distribution that is

consistent with the DAG in the sense that it is given by the R.H.S of (4).

In that literature (e.g. Pearl (2014), Cowell et al. (1999), Koller and Fried-

man (2009)), this object provides a platform for computationally effi cient

probabilistic inferences. In addition, Bayesian networks are objects with rich

mathematical structure that enables us to draw links between the structure

of G and conditional-independence properties of pG.

In the present context, the DAG G encodes a belief distortion function,

which maps any objective distribution p to a subjective belief pG. It cap-

tures the idea that the DM perceives empirical regularities through the prism

of a subjective causal model. The subjective belief pG is only defined over

the variables that his causal model includes, and systematically distorts the

objective distribution over these variables. The R.H.S of (4) describes this
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distortion. The view of (4) as a belief-distortion function is a novel fea-

ture of the present project, and (to my knowledge) does not appear in the

Statistics/AI sources on which it draws. As we shall later see, this novel

interpretation suggests new technical questions.

When the DAG is fully connected (any two nodes are directly linked),

pG is reduced to a standard chain rule, such that pG = p - i.e., the DM’s

subjective belief does not distort the objective distribution. At the other

extreme, when the DAG is empty (it has no links), pG(xN) is the product of

the marginals p(xi) over all i ∈ N - i.e., the DM perceives all variables to be

independent.

The object pG is a subjective belief to all intents and purposes. When

the DM is interested in the marginal of pG over some collection of variables

xM , he marginalizes it: pG(xM) =
∑

xN−M
pG(xM , xN−M). Likewise, when

the DM learns the value of some collection of variables xM , he conditions his

subjective belief on this information in accordance with standard Bayesian

updating: pG(xN−M | xM) = pG(xM , xN−M)/pG(xM).

For a concrete image for this belief formation model, imagine the DM

as a researcher who perceives the economic environment through the prism

of a structural causal model, and asks a research assistant to estimate the

structural equations of his model. The output of this process is an estimated

model. More broadly, the mindset that (4) captures is that of someone who

seeks statistical data to fit and quantify a prior model, not to test it.

3.1 Belief Errors as Causal Misperceptions

The simple model of belief formation presented above offers a language for

describing systematic belief errors distilled from everyday observation and

psychological research. In each case, the objective distribution p is consistent

with a “true DAG” G∗ and the DM’s subjective DAG is G 6= G∗. The

departure of G from G∗ constitutes the DM’s causal misperception, and the

departure of pG from pG∗ = p is its resulting belief error. Section 2 already

illustrated how to express a reverse-causality error in this language. This

sub-section presents a few additional examples.
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False belief in causality

Perhaps the most basic causal misperception is the very belief that empir-

ical regularities have a causal basis. Indeed, many economic theories (e.g.

competitive equilibrium) are fundamentally non-causal because they assume

bidirectional influences among variables. When the steady state of an eco-

nomic system is consistent with such a non-causal theory and yet the DM

believes there is an underlying causal mechanism, he commits a belief error.

How can we represent it with our formalism?

Recall that every objective distribution p is consistent with any fully

connected DAG. Therefore, taken literally, the claim that a given distribution

p is inconsistent with a causal model can never be correct. It only becomes

meaningful if we require p to be consistent with a non-trivial causal model,

in the sense that it has at least one missing link. Accordingly, say that p

is inconsistent with a non-trivial causal model if the fully connected DAGs

are the only DAGs with which it is consistent. In this case, if the DM’s

subjective DAG G is not fully connected, then pG 6= p; and the DM’s error

is that he erroneously imposes some causal structure on his environment.

Fundamental attribution error

According to this idea from Social Psychology (Ross (1977)), people underes-

timate the situational nature of other people’s behavior and tend to attribute

it to fixed character rather than external circumstances. To capture this er-

ror in our framework, consider the true DAG G∗ : θ1 → b ← θ2, where b

represents the behavior of some agent (other than our DM), while θ1 and θ2
are two independent variables that jointly describe external circumstances

shaping the agent’s behavior. Our DM’s subjective DAG G departs from G∗

by omitting the link b← θ2. Then,

pG(θ1, θ2, b) = p(θ1)p(θ2)p(b | θ1)

whereas the correct joint distribution is p(θ1, θ2, b) = p(θ1)p(θ2)p(b | θ1, θ2).
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If the DM learns (θ1, θ2), his subjective belief over b will be

pG(b | θ1) =
∑
θ2

p(θ2)p(b | θ1, θ2)

whereas the correct updated belief would be p(b | θ1, θ2). That is, the DM
neglects θ2 and over-attributes the other agent’s behavior to θ1.2

Ignoring confounders

Suppose that the true DAG G∗ is

θ

↓ ↘
a → y → z

(5)

where the node a represents the DM’s action, y represents an intermediate

outcome, z represents a final outcome and θ is an exogenous variable that is

independent of a. The DM’s subjective DAG is G : a → y → z. That is,

he neglects the exogenous variable θ, such that his account of the relation

between y and z exhibits an “omitted variable error”. Then,

pG(z | a) =
∑
y

p(y | a)p(z | y)

whereas the true distribution of z conditional on a is

p(z | a) =
∑
θ

p(θ)
∑
y

p(y | a, θ)p(z | y, θ)

The DM’s error is that he regards the correlation between y and z as a pure

causal effect of y on z, whereas in reality part of the correlation is due to the

confounding variable θ.

This error arguably lies behind most real-life manifestations of “confusing

correlation with causation”. Avoiding it is a primary concern of practition-

ers and teachers of causal inference (Angrist and Pischke (2008), Pearl and

2Ettinger and Jehiel (2010) formalize the Fundamental Attribution Error along similar
lines, using the framework of analogy-based expectations (see Section 3.4).
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Mackenzie (2018)). The Bayesian-network formalism enables us to describe

this error and its resulting belief distortions.

Illusion of control

Langer (1975) coined the term “illusion of control”to describe a belief bias

that exaggerates one’s role in determining observed outcomes. To capture

this error, let the true DAG be G∗ : a ← θ → y, where a represents the

DM’s action, θ is an exogenous variable and y is an outcome. The DM’s

subjective DAG is a→ y. This is another example of confounder neglect. In

reality, the DM’s action and the final outcome are correlated only because

they are conditionally independent consequences of the exogenous variables

θ. However, the DM interprets this correlation as a causal effect of his action

on the final outcome.

Neglecting indirect effects

The effect of actions on target variables often works through multiple causal

channels. The following example captures a situation in which the DM fails

to take all these channels into account. The true DAG G∗ is

a → q1 → y

↘ ↗
q2

(6)

where q1 and q2 mediate the causal effect of a on y. The DM’s subjective

DAG is G : a → q1 → y - i.e., he neglects the channel that passes through

q2, possibly because he is unaware of this variable.

An example of this misperception that is common in discussions of eco-

nomic policy is the neglect of equilibrium effects. For example, a is a policy

maker’s action; q1 is a variable that the action directly impacts; q2 represents

a behavioral response to the action that results from changing incentives;

and the policy maker neglects this response when evaluating the policy.

3.2 From Beliefs to Decisions

How does a DM who forms his beliefs according to (4) make decisions? The

most conventional assumption would be that he maximizes expected utility
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with respect to pG. Accordingly, endow the DMwith the vNMutility function

u(x1, ..., xn). Suppose u is measurable with respect to xN - otherwise, the

DM’s model omits variables that are essential for describing his preferences.

Identify one of the n variables with the DM’s action a. In addition, the

DM may observe the realization of some collection of variables xI , which

enables him to condition his belief on this information. The DM chooses a

to maximize ∑
xN

pG(xN | a, xI)u(xN) (7)

This innocent-looking formula conceals two subtleties, which I now discuss.

Confusing correlation with causation?

In the Introduction, I listed a number of ways in which the DM’s causal

reasoning can go astray. First, his perception of causal relations in his envi-

ronment may be wrong. This type of error was our focus in Section 3.1, and it

will continue to be at the heart of this review. Second, some of the variables

in his causal model may be unobservable, which means that he is unable to es-

timate some of the causal relations he postulates directly from observational

data. In this review I mostly abstract from this diffi culty. Throughout this

section and the next, every variable in the DM’s causal model is observable.

Finally, there is the question of whether the DM draws correct causal

inferences from observational data, taking his subjective causal model as

given. Here the answer is quite subtle. In principle, the expected-utility

maximization in (7) is performed with respect to a conditional probability

distribution, pG(xN | a, xI), without any explicit attempt to disentangle its
causal and diagnostic aspects - the same practice I described in the Intro-

duction. Yet pG(xN | a, xI) need not represent the causal effect of a on other
payoff-relevant variables (fixing xI), even if we accept G as a correct causal

model. In other words, the DM’s procedure appears to “confuse correlation

with causation”.

In this review I sidestep this potential error of causal inference. In all

the applications I will consider, the arrangement of the nodes that represent

a and xI in G is such that the DM’s causal inference is sound. Specifically,

Pearl’s (2009) “do-calculus”, which codifies correct causal inference from ob-
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servational data given a DAG-represented causal model, would legitimize

the interpretation of pG(xN | a, xI) as the causal effect of a (given xI) on
other variables. In particular, applications in which the DM is uninformed

(such that there are no xI variables) will invariably assume the node that

represents a in G is ancestral - as in the Dieter’s Dilemma. In this case,

pG(xN | a) would capture the true causal effect of a on other variables, if G
were a correct model.

Presenting Pearl’s machinery here would take a lot of space, and it would

be irrelevant in the sense that the research described in this review has made

no use of do-calculus. Therefore, I can only assure the reader that the DM’s

causal inferences in all the examples I present is sound given his subjective

model; his sole error is that the model is wrong. In its study of imperfect

causal reasoning, this review focuses on causal misperceptions - i.e. the error

of having a misspecified causal model - while effectively ruling out errors of

causal inference given the model. I will return to this issue in the concluding

section.

Personal equilibrium

The other subtlety in (7) was pointed out in Section 2: The subjective condi-

tional probability pG(xN | a, xI) need not be invariant to the objective condi-
tional distribution (p(a | xI)). The latter distribution formally describes the
DM’s strategy, interpreted as the long-run behavior of previous generations

of DMs facing the same problem. This dependency would never arise under

rational expectations: If the DM’s causal model G were correctly specified, it

would imply pG = p, hence pG(xN | a, xI) would be invariant to p(a | xI) by
definition. In contrast, the Dieter’s Dilemma describes a situation in which

the DM’s subjective belief pG(h | a) varies with the long-run behavior given
by (p(a)).

Thus, if the DM’s long run behavior changed, so could his subjectively

optimal decision. This suggests a need to define subjectively optimal behav-

ior as an equilibrium object. A fully mixed strategy (p(a | xI)) is a personal
ε-equilibrium if, whenever p(a | xI) > ε, a maximizes (7). A personal equi-

librium is a strategy (not necessarily mixed) that is the limit of a sequence of

personal ε-equilibria, where ε→ 0 along the sequence. I interpret trembles as
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blind experimentation. The need to introduce them arises because the terms

in (4) are not given but derived from the joint distribution p, and therefore

zero-probability events need to be ruled out.3

A personal equilibrium describes a steady state in which DMs take ac-

tions that are subjectively optimal, given the distorted belief that arises from

fitting their subjective causal model to the steady-state distribution. The

need to describe individual behavior in equilibrium terms is a more general

feature of models of decision making under misspecified subjective models.

Such equilibrium effects are not game-theoretic, because they arise even in

single-agent decision problems.

Extending the model to interactive situations is straightforward. Consider

a static game with incomplete information. From a player’s point of view, the

situation is the same as in the single-agent formulation, except that now some

of the variables represent the characteristics and actions of other players, and

possibly consequences of players’actions (e.g. final allocation in an auction).

The definition of equilibrium is essentially the same: each player chooses

subjectively optimal actions with respect to his belief, which results from

fitting his subjective causal model to the equilibrium distribution.

3.3 Some Basic Bayesian-Network Tools

This review is obviously not the place for a proper introduction to the tech-

nical literature on Bayesian networks. For general references that contain

relevant material, I refer the reader to Cowell et al. (1999), Pearl (2009) or

Koller and Friedman (2009). Still, it will be helpful to describe briefly the

kind of Bayesian-network tools that can be put to use by economic theorists

studying behavioral implications of causal misperceptions. This is my task

in this sub-section.

Spiegler (2016, 2017 and 2018) contain succinct, economic-theory-friendly

adaptations of relevant material. These papers also contain technical results

that are appear to be new (as stated) to the literature on graphical proba-

3The term “personal equilibrium”was coined by Kőszegi (2010) in the context of de-
cision making under belief-dependent utility.
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bilistic models - although a likely reason is that Bayesian-network specialists

in Statistics or AI would probably find these results irrelevant or too obvious

to highlight. This difference in perspective arises from the present frame-

work’s novel view of (4) as a belief-distortion function, which is essential for

descriptive modeling of a DM with a misspecified causal model but seems

orthogonal to what statisticians or computer scientists care about.

Equivalent DAGs

While I have emphasized the interpretation of DAGs as representations of

subjective causal models, they can be viewed as mere representations of

conditional-independence properties. If we only consider the belief distortion

function pG as such and ignore the causal interpretation of pG(xN | a, xI),
this is an appropriate point of view. For instance, 1 → 2 → 3 represents

all the joint distributions that satisfy x1 ⊥ x3 | x2. Different-looking DAGs
represent different causal perceptions but they can be equivalent in terms

of the conditional-independence properties they represent, and therefore in

terms of the belief-distortion function they encode. The simplest example

involves the DAGs 1→ 2 and 2→ 1. These DAGs clearly represent distinct

causal models, yet they are equivalent in the sense that

p1→2(x1, x2) ≡ p(x1)p(x2 | x1) ≡ p(x2)p(x1 | x2) ≡ p2→1(x1, x2)

by the basic conditional-probability identity. Likewise, the DAGs 1→ 2→ 3,

1← 2→ 3 and 1← 2← 3 are all equivalent, in the sense that they generate

the same belief-distortion function pG.

Frydenberg (1990) and Verma and Pearl (1991) provided a complete char-

acterization of this equivalence relation.4 Two DAGs are equivalent if they

have the same “skeleton”(i.e., they look identical if we ignore the direction

of links) and the same “v-structure” (i.e., the same collection of triples of

nodes i, j, k such that i → k ← j and yet i and j are not linked). E.g.,

G : 1 → 2 → 3 and G′ : 1 → 2 ← 3 are not equivalent: even though they

4Verma and Pearl defined DAG equivalence in terms of the classes of distributions that
are consistent with each DAG. However, the result is the same for my notion of equivalence,
which concerns the belief-distortion function associated with each DAG.
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have the same skeleton, they have different v-structures. This means that

pG 6= pG′ for some objective distribution p.

This characterization is valuable because it visualizes the equivalence rela-

tion. In particular, it facilitates checking whether a variable can be identified

with an ancestral node in some DAG in the model’s equivalence class. This

is helpful, thanks to a property that is easy to glean from (4): If i is an

ancestral node in G, then pG never distorts the marginal distribution of xi -

i.e., pG(xi) ≡ p(xi).

The latter property is relevant in various contexts. For example, in many

economic models, a DM’s behavior is driven by an estimate of a particular

variable xi. The DM forms this estimate after observing the realization of

another variable xj. A key question is whether this conditional estimate is

biased on average - i.e. whether∑
xj

p(xj)pG(xi | xj) ≡ p(xi) (8)

This is simply the “Bayes plausibility”property of conditional beliefs, which

of course always holds under rational expectations. When pG violates this

property, the DM’s beliefs of xi are biased on average - e.g., product re-

views may lead the consumer to systematically overestimate product quality.

Spiegler (2018) provides a characterization of DAGs that satisfy the Bayes-

plausibility property for any given pair of variables xi, xj. In particular, when

both i and j are ancestral nodes in some DAG in the equivalence class of G,

we can make a sequence of substitutions:∑
xj

p(xj)pG(xi | xj) ≡
∑
xj

pG(xj)pG(xi | xj) ≡ pG(xi) ≡ p(xi)

such that the DM’s conditional estimate of xi is unbiased on average.

Perfect DAGs

A DAG with an empty v-structure is known as a perfect DAG. In a perfect

DAG, “all parents are married”: If the DAG contains the links i → k ← j,

then i and j must be directly linked. The causal interpretation is that if the
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DM perceives two variables as direct causes of a third variable, he must also

perceive a direct causal link between them.

Perfect DAGs have special properties. The equivalent-DAG relation im-

plies that the direction of links in a perfect DAG is irrelevant, in the following

sense: If a perfect DAG contains the link i→ j, there is an equivalent DAG

that contains the inverse link j → i. Relatedly, for any node in a perfect

DAG, there is an equivalent DAG in which the node is ancestral. As a result,

a perfect DAG does not distort the marginal distribution of any individual

variable. Spiegler (2018) establishes that perfection is both necessary and

suffi cient for this property: If G is imperfect, there exist p and i such that

pG(xi) 6= p(xi) for some xi.

Junction trees

When a DAG is perfect, it is possible to construct an auxiliary tree whose

nodes correspond to the original DAG’s maximal cliques.5 Furthermore, this

tree has the following property: For any pair of tree nodes C and C ′, C∩C ′ is
contained in every node along the unique tree path that connects C and C ′.

This construction is known as a “junction tree”(Cowell et al. (1999)), and

it is instrumental in effi cient probabilistic-inference algorithms. In economic

applications, the junction tree offers a convenient representation of certain

conditional distributions that are derived from pG. Eliaz et al. (2019) show

that if G is perfect, then for any given pair of variables xi, xj we can construct

a simple causal chain G′ : xi → · · · → xj, such that G′ contains weakly fewer

nodes than G, and pG′(xj | xi) ≡ pG(xj | xi) - provided that we can freely
redefine the intermediate variables along the chain.

d-Separation

As mentioned above, a DAG can be viewed as a representation of conditional-

independence assumptions. The notion of d-separation (Geiger et al. (1990))

is a complete graphical characterization of these assumptions. This notion is

based on a more fundamental (and non-trivial) definition of “path blocking”.

It enables a simple algorithm (expressed in purely graphical terms) that

5A clique is a collection of nodes such that every pair of nodes is linked. A clique is
maximal if it is not contained by another clique.

18



checks any conditional independence property xA ⊥ xB | xC , for any triple
of subsets of nodes A,B,C. When a given triple in G passes this graphical

test, pG satisfies the conditional-independence property for any p.

The concept of d-separation helps analyzing the decision model of Section

3.2. Recall that in the Dieter’s Dilemma, individual optimization under a

misspecified subjective DAG led to a genuine equilibrium effect. This effect

would not arise if the subjective action-consequence mapping were invariant

to the DM’s strategy. Spiegler (2016) shows how to define this notion of “con-

sequentialist rationality”as a conditional-independence property that can be

easily tested using d-separation. When the DM’s DAG passes the test, his

behavior will not exhibit equilibrium effects, no matter how we parameterize

his decision problem. Spiegler (2018) uses d-separation to characterize when

the Bayes plausibility property (8) holds for given i, j ∈ N .

Summary

In this sub-section, we briefly encountered basic Bayesian-network concepts:

Equivalent DAGs, perfect DAGs, junction trees and d-separation. Each con-

cept arrives with mathematical tools that can be put to use in economic

applications. In turn, questions that arise naturally in economic applications

give rise to new Bayesian-network results. We will get a closer look into the

use of these tools when we delve into economic applications in Section 4.

3.4 Relation to other Approaches

A DM with a misspecified causal model forms beliefs that deviate from ratio-

nal expectations, by systematically distorting the steady-state distribution of

his environment. It is therefore instrumental to place the Bayesian-network

formalism in the context of earlier equilibrium concepts with non-rational

expectations. In this sub-section I discuss a few prominent examples in the

literature, from the point of view of their links to the Bayesian-network lan-

guage. As a result, the exposition is very idiosyncratic; the interested reader

should consult the original sources for their authors’original perspective.

Although these concepts were originally defined in the context of games, I

adopt the perspective of a single DM, to facilitate comparison with the model
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of Section 3.2. Throughout this sub-section, our DMwill play a simultaneous-

move game with Nature. The DM’s action is a, Nature’s move is θ, and z is

a consequence variable.

Analogy-based expectations

This concept was introduced by Jehiel (2005) for extensive-form games, and

was later adapted to static Bayesian games by Jehiel and Koessler (2008).

In both cases, the idea is that players partition contingencies into “analogy

classes” and perceive endogenous variables of interest as a function of this

analogy partition.

The following example illustrates how specifications of analogy-based ex-

pectations in static models can be reformulated in the Bayesian-networks

language. The true DAG G∗ is a → z ← θ → e, where e represents the

“analogy class” to which the state of Nature θ belongs - i.e., e is a coarse-

grained description of θ. For a DM with rational expectations, e is irrelevant

and can be omitted from his subjective model altogether. Our DM’s sub-

jective DAG is G : a → z ← e ← θ - i.e., G departs from G∗ by replacing

the link z ← θ with z ← e. The interpretation is that the DM has a coarse

perception of the mapping from θ to z. The definition of Analogy-Based

Expectations Equilibrium (ABEE) effectively requires the DM’s action to be

subjectively optimal with respect to pG.

In general, individual best-replying under ABEE in static Bayesian games

can be rewritten as subjective optimization with a misspecified DAG G. This

is attained by adding the analogy class as a distinct variable, and reorienting

links from exogenous to endogenous variables such that the analogy variable

becomes the link’s origin.

Cursed equilibrium

Eyster and Rabin (2005) study an equilibrium concept for Bayesian games,

which is closely related to ABEE. Inspired by the “Winner’s Curse”phenom-

enon observed in auctions, Eyster and Rabin define the notion of “cursed”

beliefs, which captures a player’s failure to realize that his opponents’behav-

ior depends on factors beyond those he is informed of.

To illustrate the concept, let the true DAG G∗ be a ← s ← θ → z,
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where s represents the DM’s noisy signal of the state of Nature θ. The DM’s

subjective DAG G departs from G∗ by replacing the link θ → z with s→ z,

such that

pG(θ, z | s) = p(θ | s)p(z | s) = p(θ | s)
(∑

θ′

p(θ′ | s)p(z | θ′)
)

whereas rational expectations would prescribe p(θ, z | s) = p(θ | s)p(z | θ).
Thus, the “cursed”DM effectively believes that z ⊥ θ | s, while the true
conditional-independence property is z ⊥ s | θ. (These “cursed”beliefs can
be also redefined in the language of ABEE, with a suitable analogy partition.)

Eyster and Rabin (2005) define “partially cursed” beliefs as a convex

combination of pG(θ, z | s) and p(θ, z | s). The convexification parameter
measures the strength of the DM’s belief bias. In the Bayesian-networks

framework, this can be viewed as a “model averaging”procedure: The DM

entertains two possible causal models; he fits each model to objective data

and forms his belief by taking a weighted average of the estimated models.

Eyster and Rabin (2010) propose “high-order”elaborations of their ap-

proach in the context of an observational-learning model. For instance, they

assume that each player believes that his opponents have “cursed”beliefs.

This can be described as a game with non-common priors, where a player’s

type is defined by his subjective causal model as well as his belief regarding

the causal models held by his opponents.

S (K ) equilibrium

Osborne and Rubinstein (1998) present a solution concept for static games,

in which each player postulates a direct mapping from his action to the

game’s payoff-relevant outcome, without forming an explicit belief regarding

his opponents’ behavior. The player estimates this mapping by sampling

each action K (independent) times, and selecting the action that performs

best in his sample. The player’s misperception can be described as follows.

The true DAG G∗ is a→ z ← θ, and u is purely a function of z. The DM’s

subjective DAG G is a → z. In the current framework, the DM’s belief

pG(z | a) would be consistent with rational expectations. However, this is
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because he perfectly learns p(z | a), whereas in Osborne and Rubinstein
(1998), he naively extrapolates from a finite sample.

However, it should be emphasized that the decision errors that arise in

S(K) equilibrium are shaped not only by sampling but also by the DM’s

misspecified causal model, which omits θ as an explanatory variable of z.

To see why, consider a variant in which the DM holds the correct subjective

model G∗ and he uses sampling to evaluate the terms p(θ) and p(z | a, θ).
This variant is behaviorally distinct from the S(K) model. More generally,

S(K) equilibrium suggests a natural extension of the belief-formation model

given by (4), in which the terms in the factorization formula are replaced

with finite-sample estimates.

The value of reformulating these concepts in the Bayesian-network lan-

guage is not “unification”for its own sake. Rather, the point of this exercise

is that it deepens our understanding of these concepts, by highlighting their

implicit element of causal misperception. It also equips us with new tools

for analyzing their behavioral implications. For instance, Spiegler (2016)

shows that when the subjective DAGs G and G′ are not fully linked, neither

uniformly dominates the other in terms of the DM’s welfare. This result ex-

plains why refining a DM’s analogy partition in Jehiel’s framework need not

be welfare-improving. Likewise, Spiegler’s (2016) characterization of conse-

quentialist rationality enables us to see when concepts like ABEE or cursed

equilibrium generate equilibrium effects in single-agent decision problems.

Other equilibrium concepts in the literature have a looser connection

to the Bayesian-network approach. Esponda (2008) introduced a solution

concept, called “naive behavioral equilibrium”, which assumes that the DM

has a prior belief that the state of Nature and the opponents’actions are

independent conditional on his signal (as in Cursed equilibrium). In addition,

Esponda specifies a number of feedback variables, and requires the DM’s

belief of each of these variables conditional on his signal to be correct. While

the conditional-independence belief has a DAG representation, the empirical-

consistency requirement lacks a tight Bayesian-network counterpart.

What is common to all these concepts is that they describes equilib-

rium beliefs that systematically distort an objective equilibrium distribution.
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Contrast this with the familiar notion of subjective priors. Under the latter

approach, the DM has a fixed belief that is independent of the objective

distribution.

Berk-Nash equilibrium

Esponda and Pouzo (2016) present a general approach to modeling equilib-

rium beliefs under misspecified subjective models. They formulate the DM’s

prior model as a class Q of conditional probability distributions that map

actions (as well as signals, in the case of a partially informed DM) to observ-

able consequences. The model is misspecified if Q does not include the true

stochastic action-consequence mapping.

In this environment, Esponda and Pouzo define a notion of equilibrium,

according to which the DM optimizes against a subjective conditional belief

that is the closest in Q to the true mapping, where the notion of closeness is a

weighted version of Kullback-Leibler divergence (the weights are determined

by the DM’s equilibrium strategy). Esponda and Pouzo dub this solution

concept Berk-Nash equilibrium, after Berk’s (1966) asymptotic characteriza-

tion of Bayesian learning under misspecified priors. The key difference is that

while Berk examined passive learning, Esponda and Pouzo examine the case

that is relevant for decision making, in which the DM’s actions influence the

sample he draws inferences from.

Heidhues et al. (2018) study a model that can be described as an appli-

cation of Berk-Nash equilibrium. This example can illustrate the similarities

and differences between Berk-Nash equilibrium and the Bayesian-network

approach. The DM’s action a is a real number, and the consequence is

y = Q(a, b), where Q is a deterministic function and b is an independently

distributed, real-valued variable that represents exogenous conditions. The

DM has a misspecified model, which is given by a subjective function Q̃

which is different from the true function Q. For instance, Q̃ can capture

over-confidence when a measures the DM’s level of involvement in a project,

and Q̃(a) > Q(a) and ∂Q̃(a)/∂a > ∂Q(a)/∂a for every a. Heidhues et al.

(2018) characterize Berk-Nash equilibrium for various specifications of Q and

Q̃. For instance, in the case of over-confidence, the DM’s equilibrium involve-

ment is excessively high and justified by an overly pessimistic belief regarding
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exogenous conditions.

This model cannot be cast in terms of the Bayesian-network formalism,

because the misspecification in the DM’s subjective model is parametric - i.e.,

it assigns zero probability to the correct parameter that governs the mapping

from a to y. In contrast, the Bayesian-network formalism is manifestly non-

parametric. Belief errors due to incorrect functional forms of p(y | a) are
outside its scope.

Can we nest the Bayesian-network model in the Berk-Nash approach?

When a and xI in (7) are represented by an ancestral clique in the DAG

G (or in some equivalent DAG), the answer is affi rmative. That is, we can

define Q to be the set of all conditional distributions q(xN | a, xI) that are
consistent with G, such that the DM’s belief in Berk-Nash equilibrium will

be pG(xN | a, xI). In this sense, the Berk-Nash approach subsumes the

Bayesian-network approach as a special case.

From a conceptual perspective, the two approaches are different because

of their treatment of learning feedback and how it relates to the DM’s sub-

jective model. First, Berk-Nash equilibrium is primarily interpreted as the

limit of a dynamic process of active Bayesian learning. In contrast, the

Bayesian-network approach captures an agent who fits his model to a large

historical dataset once and for all. Second, in Berk-Nash equilibrium, the

DM’s feedback is defined separately from the prior model. In contrast, in

the Bayesian-network approach, feedback is defined by the very collection of

marginal and conditional probabilities that is required for quantifying the

DM’s causal model. Thus, the prior model and the feedback are intertwined.

To put it differently, the Bayesian-network model reflects the idea that the

data that is available to the DM depends on the questions he poses, which

in turn depend on his prior model.

4 Economic Applications

In this section I survey a number of theoretical exercises that make use of

the Bayesian-network formalism and illustrate the behavioral implications of

causal misperceptions in economic contexts. In each case, I emphasize the
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type of causal misperception that the application involves.

4.1 Demand for Education

A number of economic applications can be written in terms of the “ignoring

confounders” specification described in Section 3.1: The objective distrib-

ution p is consistent with the true DAG G∗ given by (5), and the DM’s

subjective DAG is G : a → y → z. In these applications, the DM misin-

terprets the correlation between intermediate and final outcomes as a causal

effect, neglecting the confounding role of an exogenous (and possibly hidden)

variable.

Perhaps the most familiar idea in empirical labor economics is the need

to address bias due to confounding when estimating the causal effects of vari-

ables such as education or immigration on labor-market outcomes. Econo-

metricians employ sophisticated techniques in order to mitigate this problem.

By contrast, a layperson is far less likely to appreciate the role of confounding,

let alone employ sophisticated methods for drawing correct causal inferences

from observational data.

The following example considers parental investment in education. It

is extracted from Spiegler (2016), using a different parameterization. All

four variables take values in {0, 1}, where a = 1 represents a parent’s costly
investment in his child’s schooling; y = 1 represents high school performance

by the child; z = 1 represents a good subsequent labor-market outcome; and

θ = 1 represents high innate “ability”. The parent’s payoff is z − ka, where
k > 0 is the investment cost. The exogenous components of the objective

distribution p are as follows: p(θ = 1) = δ, p(y = 1 | θ, a) = aθ, p(z =

1 | θ, y) = θ + βy(1 − θ), where β ∈ (0, 1) is a constant. Thus, investment
and ability are complements in the production of a good school outcome,

whereas school performance and ability are substitutes in the production

of a good labor-market outcome (the constant β measures the strength of

substitutability). The endogenous component of p is the parent’s mixed

strategy, given by p(a = 1) = α. Note that the parent is uninformed of θ

and therefore his action is independent of θ.
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If the parent had rational expectations, he would strictly prefer a = 0.

The reason is that a good school outcome is attained only if the child has

high ability, but in this scenario the school outcome is irrelevant for the labor-

market outcome. However, the parent’s subjective causal model G means

that he misperceives the correlation between y and z as a purely causal effect,

neglecting the confounding role of θ. To find personal equilibria, we need to

compare the cost k of investing in the child’s education with its perceived

benefit

pG(z = 1 | a = 1)− pG(z = 1 | a = 0) =
∑
y

[p(y | a = 1)− p(y | a = 0)]p(z = 1 | y)

= [p(y = 1 | a = 1)− p(y = 1 | a = 0)][p(z = 1 | y = 1)− p(z = 1 | y = 0)]

Let us calculate the terms in this expression:

p(y = 1 | a = 1) = δ

p(y = 1 | a = 0) = 0

p(z = 1 | y = 1) = αδ · 1
αδ

= 1

p(z = 1 | y = 0) = δ(1− α) + (1− δ) · 0
1− αδ =

δ − αδ
1− αδ

such that the perceived gross benefit from investment is δ(1 − δ)/(1 − αδ).
Note that the substitutability parameter β ends up being irrelevant. On

the other hand, as in the Dieter’s Dilemma, the long-run action frequency

α affects the parent’s perceived consequences of his action. Therefore, the

parent’s subjectively optimal behavior is an equilibrium object.

Unlike the Dieter’s Dilemma, here an increase in α leads to a higher

subjective evaluation of a = 1. As a result, there can be multiple personal

equilibria. Specifically, if k is between δ(1−δ) and δ, there are three personal
equilibria: α = 0, α = 1 and α = (k − δ(1 − δ))/kδ. When k < δ(1 − δ),
the unique personal equilibrium is α = 1. Thus, the parent sub-optimally

invests in the child’s schooling because neglecting the confounding role of θ

leads to over-estimation of the value of schooling.
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4.2 A Roy Model

Another labor-economics classic is the Roy model of self-selection, which has

been applied extensively to areas such as career choice or immigration (e.g.

Borjas (1987)). To my knowledge, the empirical literature utilizing the Roy

model invariably assumes rational expectations. However, it is likely that

real-life agents draw naive inferences from observed correlations because they

do not understand the selection mechanisms behind them.

The following example is a stylized Roy model of occupation choice. A

DM is currently in occupation A and considers switching to occupation B.

There are five variables: a ∈ {0, 1} is the DM’s action, where a = 1 indi-

cates that he switches to occupation B; θ represents the DM’s “ability”; v

represents his earnings in the current occupation; z represents his observed

earnings in occupation B, where z = 0 if the DM chooses not to switch to

this occupation; and G is the DM’s subjective DAG. The DM’s utility is

equal to his total earnings - i.e., u(θ,G, v, a, z) = az + (1− a)v.
The objective distribution p is defined as follows. First, θ ∼ U [−k, k],

where k > 1 is a constant. Thus, θ > 0 indicates above-average ability.

Second, v = θ/k with certainty for every θ. Third, z = θa with certainty

for every θ, a. Since k > 1, occupation B has greater returns to ability than

occupation A. The DM’s DAG G is independent of θ and v. In the most

basic Roy model, the DM learns his ability θ prior to making his decision.

Instead, let us assume that the DM observes v rather than θ before taking his

decision. This distinction would be immaterial under rational expectations,

because θ and v are perfectly correlated. Thus, the DM’s information consists

of v and G.

Assume thatG takes two values, G∗ andG0, with probabilities 1−λ and λ,
respectively, and independently of θ and v. Thus, the objective distribution

p is consistent with G∗ in the following figure, whereas G0 departs from G∗

27



by omitting θ (note that both DAGs include G as an ancestral variable):

v ← θ

↓ ↓
G → a → z

v

↓
G → a → z

G∗ G0

The interpretation is that the population from which the DM is drawn con-

sists of sophisticates and naifs. Sophisticates know the true process; in partic-

ular, they are aware that the latent variable θ acts as a confounding variable

that affects the observed correlation between a and z. In contrast, naifs are

unaware of this confounding effect, and interpret the correlation between a

and z as a causal effect.

Let us characterize the equilibrium in this model. When G = G∗, the

DM realizes that z > v if and only if v > 0. Thus, in any equilibrium, a

sophisticate will play a = 1 if and only if v > 0. Now consider a naive DM.

According to his causal model, z is independent of (v,G) conditional on a.

That is, he believes that he should play a = 1 if and only if E(z | a = 1) > v.

This naive DM behaves as if he does not understand that the sample of

switchers is selective. It follows that the strategy of a naive DM is to switch

if and only if v < v∗, where v∗ is the unique solution of

v∗ = E(z | a = 1) = k ·
λ
∫ v∗
−1 vdv + (1− λ)

∫ 1
0
vdv

λ
∫ v∗
−1 dv + (1− λ)

∫ 1
0
dv

This characterization has several noteworthy features. First, as in previ-

ous examples, the naive DM’s subjectively optimal action is an equilibrium

object: His evaluation of a = 1 depends on his perceived payoff from switch-

ing, which depends on the equilibrium switching patterns (including those of

sophisticates). Second, while the sophisticate’s switching strategy exhibits

positive selection (DMs with above-average ability switch to the occupation

with higher returns to ability), the naif’s switching strategy exhibits negative

selection. Yet, sophisticates exert an externality that weakens this negative

selection - i.e., v∗ decreases with λ. The reason is that by the positive selec-
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tion of sophisticated switchers and the negative selection of naive switchers,

a higher fraction of sophisticates in the population implies that on average,

switchers have higher ability, which encourages naifs with large v to switch.6

4.3 Markets and Auctions

So far, we considered applications that involved a single DM. In the next few

sub-sections, I turn to applications in which agents with causal mispercep-

tions interact with rational agents or among themselves.

Esponda (2008) presents a monopsony example based on Samuelson and

Bazerman (1985), where an uninformed buyer makes a take-it-or-leave-it

offer to an informed seller. The original Samuelson-Bazerman example is a

simple game-theoretic formulation of Akerlof’s classic argument that adverse

selection leads to market failure. Although Esponda (2008) used the example

to illustrate naive behavioral equilibrium (mentioned in Section 3.4), it can

be reformulated in terms of the “ignoring confounders”specification.7

Let a, θ, y and z represent the buyer’s offer, the seller’s valuation, the

final allocation (i.e., whether trade takes place) and the buyer’s gross payoff

(z = 0 when there is no trade, and z = θ+ b when trade occurs, where b > 0

is a constant). The buyer fails to take into account that θ confounds the

correlation between y and z. Therefore, he does not realize that a higher bid

increases not only the chances of trade but also the object’s average quality

conditional on trade. As a result, the market failure in the (unique) personal

equilibrium is more pervasive than in the rational-expectations benchmark.

Eyster and Rabin (2005) apply “partially cursed equilibrium”to sealed-

bid auctions, capturing the idea that bidders have limited understanding of

the relation between opponents’bidding behavior and their private informa-

tion. This enables Eyster and Rabin to represent bidders’failure to fully in-

ternalize the Winner’s Curse. For example, an uninformed bidder with “fully

6The general form of true and subjective DAGs in this example can be applied in other
contexts. Esponda and Pouzo (2014) study an electoral model in which voters’perceived
consequences of their votes can be described in similar terms.

7Eyster and Rabin (2005) and Jehiel and Koessler (2008) investigated the same
bilateral-trade example through the prism of the concepts of cursed equilibrium and ABEE.
See Spiegler (2011, Ch. 8) for a pedagogical exposition.
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cursed”beliefs correctly predicts the distribution over opponents’bids, but

fails to perceive any correlation between bids and the object’s value. As a

result, he will erroneously consider truthful bidding to be weakly dominant

in a second-price auction. When bidders are partially informed, cursed equi-

librium generates rich patterns of over- and under-bidding relative to Nash

equilibrium.

Antler and Bachi (2019) apply the concepts of ABEE and partially cursed

equilibrium to an otherwise standard dynamic model of two-sided search

with vertically differentiated, non-transferrable utility, and examine what

happens when search frictions vanish. They show that even when the coarse-

ness/cursedness friction is small, the equilibrium outcome is radically dif-

ferent from the perfectly assortative matching that emerges under rational

expectations. In particular, a large group of agents with intermediate match

values perpetually search and never find a match. Indeed, the share of these

“eternal singles”in the population converges to one.

4.4 Monetary Theory

Monetary policy is another area in which systematic deviations from ra-

tional expectations can have important economic consequences. In a text-

book model originated by Kydland and Prescott (1977) and Barro and Gor-

don (1983), a central bank controls a policy variable that affects inflation.

Private-sector actors form an inflation forecast, possibly after observing the

central bank’s decision. In a simplified version of this model based on Sar-

gent (1999), the objective distribution p is consistent with the following true

DAG G∗:
θ → a → π

↓ ↓
e → y

where θ represents external variables that shape the central bank’s prefer-

ences (especially how it trades off inflation and employment), a represents the

central bank’s action, π represents inflation, e stands for the private sector’s

inflation forecast and y represents real output.
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Thus, private-sector expectations are relevant because real output (or

employment) is determined by an “expectations-augmented”Phillips Curve,

such that the real effect of inflation is at least partly offset when inflation

is anticipated. To the extent that the central bank wishes to maximize

expected output, it wants inflation to systematically exceed private-sector

expectations. In other words, monetary policy involves “expectations man-

agement”.8

Conventional models constrain expectations management by assuming

that the central bank and the private sector share the same, correctly spec-

ified model of the macroeconomy. As a result, the private sector forms an

unbiased inflation forecast conditional on its information, such that the cen-

tral bank cannot generate systematic inflationary surprises.

Now relax the assumption that the private sector has rational expecta-

tions. In this context, causal models capture more than purely intuitive

judgments. Professionals in financial markets and policy-making institutions

often make use of explicit models, which sometimes involve deliberate causal

assumptions based on theoretical preconceptions. The following are a few

examples. First, θ → a→ π → y neglects the mediating role of expectations

in the Phillips Curve. The DAG θ → a→ y → π combines this error with a

reversal of inflation-output causation. Finally, the DAG

θ → y

↓ ↓
a → π

(9)

expresses a belief in monetary neutrality - i.e., a has no causal effect on

y. This model maintains that any correlation between a and y is due to

confounding by θ.

Spiegler (2018) examines the central bank’s ex-ante optimal policy, un-

der the assumption that the private sector observes the central bank’s action

before forming its inflation forecast. The central bank’s objective is to mini-

8AsWoodford (2003, p. 15) argues, “successful monetary policy is not so much a matter
of effective control of overnight interest rates as it is of shaping market expectations of the
way in which interest rates, inflation and income are likely to evolve”.

31



mize inflation and maximize output. The key question is whether the central

bank can use monetary policy to enhance expected output in the long run.

Under a linear Phillips Curve, where E(y | π, e) = π − e, the answer is

negative when the private sector has rational expectations, because rational

expectations imply E(e) = E(π). Spiegler (2018) poses the following ques-

tion: Which misspecified private-sector causal models retain the property

that E(e) = E(π)?

This corresponds to the Bayes-plausibility property discussed in Section

3.3, and therefore it is amenable to the graphical characterization of this prop-

erty given in Spiegler (2018). Let us revisit the three examples of misspecified

private-sector causal models presented above. The DAGs θ → a → π → y

and θ → a→ y → π are perfect, hence the central bank cannot use monetary

policy to generate systematic real effects.

In contrast, the DAG in (9) violates the graphical condition for unbi-

ased inflationary forecasts - i.e., there are objective distributions for which

E(e) 6= E(π). Furthermore, it is possible to parameterize p (including a

strategy for the central bank - i.e., how it chooses a as a function of θ)

such that E(e) < E(π). In this case, inflation systematically exceeds the

private sector’s conditional forecast, and therefore real output exceeds the

rational-expectations benchmark.

However, certain conventional parameterizations rule out this possibility.

Spiegler (2018) shows that when p is multivariate normal, any private-sector

DAG implies E(e) = E(π). This extends the classic impossibility result of

Lucas (1972) and Sargent and Wallace (1975) far beyond the case of rational

expectations, to the weaker assumption that the private sector generates its

forecasts by fitting a recursive system of linear regression equations.

4.5 Contract Theory

A lively line of research examines principal-agent relationships when the

agent has biased beliefs (see Spiegler (2011) and Kőszegi (2014) for reviews).

Key questions are whether the agent’s biases make him vulnerable to ex-

ploitation by the principal, whether the principal may have an incentive to
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“debias”the agent, and what form exploitative contracts take.

Schumacher and Thysen (2018) revisit the basic moral hazard model and

relax the assumption that the agent correctly perceives the consequences of

his actions. Their main example falls into the “neglecting indirect effects”

mold of Section 3.1: The true DAG G∗ is given by (6), where a is the agent’s

action; q1 and q2 are intermediate outcome variables; and y represents the

final output, which is the only verifiable variable. The firm’s payoff is y−w,
whereas the agent only cares about w and a. One concrete story for G∗

is that the agent is a mid-level manager who oversees a production team,

and a represents his management style - e.g. whether he micromanages

his staff; q1 and q2 represent the staff’s workplace attendance and morale;

micromanagement raises q1 but lowers q2; and output y increases additively

in both q1 and q2.

Consider a parameterization in which the agent is risk-neutral and has

limited liability. Micromanagement is more costly but yields higher output

for the firm. If the agent had rational expectations, the principal would find

it optimal to offer him a compensation scheme w(y) that incentivizes the

agent to micromanage his team despite the bad net effect this has on output.

Now suppose the agent is unaware of the causal channel from a to y that

passes through q2 - i.e., he neglects the role of morale. His subjective DAG G

is thus a→ q1 → y. The firm knows the correct model G∗. Its problem is to

design a wage scheme w(y) that maximizes E(y−w) subject to the constraint
that the agent plays a personal equilibrium given the wage scheme.

Under the above parameterization, the optimal contract induces a unique

personal equilibrium, in which the agent always micromanages his team. This

is not an obvious result because inducing the agent to play a mixed strategy

could enhance his prediction error. The incentives are more weakly powered

than in the rational-expectations benchmark. The firm’s profit exceeds the

rational-expectations benchmark, hence it has no incentive to debias the

agent by teaching him the correct model.

Unlike other models in behavioral contract theory (e.g. Eliaz and Spiegler

(2006)), exploitation of the boundedly rational agent in this model does not

take place by inducing a wrong prediction of the consequences of his equi-
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librium action. Indeed, the agent correctly predicts the expected output on

the equilibrium path. Instead, the agent’s error is that he mispredicts the

counterfactual consequences of adopting an alternative managing style. In

particular, because he neglects q2, he ends up overestimating the effect of

q1 on output, which deters him from deviating to a more relaxed managing

style. This enables the firm to adopt more weakly powered incentives, thus

extracting part of the agent’s informational rent.

Now suppose that q1 joins y in the list of verifiable variables. Under ratio-

nal expectations, the “informativeness principle”(Holmstrom (1979)) implies

that the principal would prefer to contract on both q1 and y. In contrast,

the principal in the Schumacher-Thysen model faces two novel considera-

tions. First, the agent believes that y is uninformative of a given q1, hence

conditioning on both q1 and y introduces welfare-reducing noise from his (in-

correct) point of view. Second, because the agent’s subjective model does

not distort p(q1 | a), conditioning on q1 alone eliminates the principal’s abil-
ity to exploit the agent’s errors. The net result is that the principal prefers

to condition on the wage on q1 alone, a departure from the informativeness

principle.

4.6 Simple Coarseness

Most of the misspecified causal models presented above involved an omitted

variable. When it is a confounder or part of a causal chain from actions to

consequences, non-trivial equilibrium effects can arise in single-agent decision

problems. In these cases, the Bayesian-network language helps articulating

the belief error and analyzing its behavioral implications.

The literature contains a number of models of omitted-variable errors,

where a dependent variable of interest is objectively a function of several ex-

planatory variables that lie outside the DM’s control. The DM’s subjective

model omits some of these explanatory variables. The fundamental attribut-

ion error example in Section 3.2 is a case in point. I refer to such specifications

of true and subjective DAGs as “simple coarseness”. Because the variables

involved are independent of the DM’s action, the misperception is not as
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subtle as in other examples, and the Bayesian-network formulation is not as

essential for understanding its behavioral implications. For instance, we can

easily describe simple coarseness in terms of analogy-based expectations. In

macroeconomics, the notion of “restricted perceptions equilibrium”(Evans

and Honkapohja (2001)) describes beliefs that fall into the simple coarseness

specification.

The following are a few examples from the literature. Mullainathan et

al. (2006) study a persuasion problem in which the receiver of strategic com-

munication reasons in terms of a coarse representation of the situation he

is in. Kondor and Kőszegi (2015) model competitive supply of financial se-

curities when investors exhibit coarseness. Piccione and Rubinstein (2003)

study monopolistic price setting over time, where consumers vary in their

ability to detect temporal patterns (captured by subjective models with dif-

ferent lags). Depending on how consumers’sophistication is correlated with

their willingness to pay, the monopolist may be able to use temporally com-

plex price patterns as a discrimination device. Eyster and Piccione (2013)

examine a dynamic competitive asset market, in which traders use subjec-

tive models to account for price fluctuations, and these models differ in the

explanatory variables they omit. Eyster and Piccione provide partial char-

acterizations of equilibrium prices (their range and relation to the asset’s

fundamental value) as well as the returns that traders obtain. Jehiel and

Samuelson (2012) consider long-run reputation, where short-run players cor-

rectly perceive the long-run player’s average behavior but fail to perceive

its history-dependence. Finally, Antler (2018) studies the design of pyramid

schemes when potential distributors correctly perceive the average take-up

rates but fail to understand how these change as the distribution network

grows larger.

4.7 Endogenous Causal Models: Competing Narra-

tives

So far, we have taken the DM’s subjective causal model as given. However,

in many contexts it is interesting to examine how it arises endogenously.

35



Consider the formation of beliefs about political questions such as: Does a

dovish stance compromise national security? Do protectionist trade policies

promote working-class welfare? Eliaz and Spiegler (2018) construct a model

that explores the role of narratives in this belief-formation process. In the

model, policies are promoted by narratives, formalized as DAGs that include

action and consequence variables, as well as a selection of other variables.

Thus, narratives differ in the variables they incorporate as well as in their

location in the causal scheme.

A representative voter uses pG to evaluate the policy that the narrative

G is paired with, and selects the narrative-policy pair with the highest eval-

uation (i.e., the largest anticipatory utility). This captures the idea that

voters are drawn to hopeful narratives. An equilibrium is a distribution over

narrative-policy pairs that are selected in this manner, such that the distri-

bution over policies is consistent with the equilibrium marginal distribution

over actions. The need for an equilibrium notion of prevailing narratives

mirrors the need for personal equilibrium in the decision model of Section

3.2.

Eliaz and Spiegler (2018) show that under mild conditions, the support of

the equilibrium distribution contains multiple policies that are sustained by

conflicting narratives. They also present stylized applications that demon-

strate the formalism’s ability to illuminate phenomena such as the tension

between rational and “populist”narratives, the difference between the nar-

ratives that sustain hawkish and dovish foreign policies, and the role of nar-

ratives that deny or exaggerate the effect of policy.

5 A Dual Approach: Extrapolating Beliefs

from Partial Data

In Section 3.4, I interpreted concepts like ABEE or S(K) equilibrium in

terms of DMs who perceive empirical regularities through the prism of a

prior model. However, these concepts have a “dual”interpretation, according

to which the DM has no prior model; he receives partial data and uses a
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“parsimonious” procedure for extrapolating a belief from the data. E.g.,

in ABEE, the DM receives coarse-grained data and extrapolates a belief

that other variables of interest do not depend on finer details. Likewise, in

S(K) equilibrium, the DM extrapolates a belief that the sample is perfectly

representative of the actual distribution.

A similar dual interpretation can be attempted for the Bayesian-network

model. Recall the Dieter’s Dilemma, and assume that the DM learns the joint

distributions (p(a, c)) and (p(c, h)), but he lacks any data about (p(a, h)).

This predicament is related to the “surrogate marker”problem in the context

of drug approval.9

The DM has no prior causal model. Instead, he uses a simple rule

for extrapolating a belief over a, c, h from his data: Choose the distribu-

tion over a, c, h that maximizes (Shannon) entropy subject to being con-

sistent with (p(a, c)) and (p(c, h)). This distribution is precisely p(a)p(c |
a)p(h | c) - the same subjective distribution that our DM formed in Sec-

tion 2. In other words, the belief pa→c→h(a, c, h) can be reinterpreted as the

maximum-entropy extension of the partially specified distributions (p(a, c))

and (p(c, h)).

This idea is presented more generally in Spiegler (2017,2019). Recall the

modeling framework of Section 3, where the objective distribution p is defined

over the variables x1, ..., xn. The DM’s data access is defined by a collection

M of subsets of {1, ..., n}. For each M ∈ M, the DM learns (p(xM)). The

DM’s subjective belief is the distribution that maximizes Shannon entropy

subject to being consistent with (p(xM)) for allM ∈M. Maximum Entropy

(MaxEnt) is a well-known criterion (going back to Jaynes (1957)), which

generalizes the Lalplacian principle of insuffi cient reason. In the present

context, it captures the idea that the DM refrains from assuming correlations

unless he has data about them.

It turns out (see Hajek et al. (1992)) that whenM satisfies the so-called

“running intersection property”, the MaxEnt extension of (p(xM))M∈M is

pG, where G is a perfect DAG whose set of maximal cliques isM.10 Spiegler

9See https://en.wikipedia.org/wiki/Surrogate_endpoint.
10The set M satisfies the running intersection property if its elements can be ordered
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(2017) constructs a behaviorally motivated procedure of extrapolating from

partial data, which mimics MaxEnt extrapolation in this case. Thus, when

G is perfect, we can interpret pG in two different ways: Fitting a prior causal

model to data, or parsimonious model-free extrapolation from partial data.

As the Dieter’s Dilemma example illustrates, the two interpretations com-

plement each other: Prior causal perceptions can lend greater confidence in

MaxEnt-extrapolated beliefs.

Esponda’s (2008) buyer-seller example, described in Section 4.3, can il-

lustrate the dual interpretation. Suppose the buyer only learns the joint

distributions (p(a, z)) and (p(z, y)) - i.e., he learns how bids map into trade

as well as the payoffconsequences of trade, but he lacks direct data about the

correlation between bids and payoffs. Then, if the buyer employs MaxEnt to

extrapolate a belief from his data, his subjective mapping from a to y will

be as if he fits the causal model a→ z → y to p.

A related example is Jehiel’s (2018) model of overconfident investors,

which addresses the finding that entrepreneurs tend to be overly optimistic

about their projects. A traditional explanation for this phenomenon is that

entrepreneurs are temperamentally overoptimistic. Jehiel’s alternative ex-

planation is that entrepreneurs fail to recognize that the pool of undertaken

projects (like the traded objects in Esponda’s example) is selective. Spiegler

(2017) reformulates this argument in terms of MaxEnt extrapolation from

partial data.

The dual reinterpretation of pG opens up other research directions. Spiegler

(2019) presents a formalism of static games in which players’partial data

access is part of the definition of their types. Jehiel (2011) considers an

auction-design problem, in which the provision of partial data about bid-

ders’equilibrium behavior is a novel instrument in the hands of the auction

designer. Eliaz et al. (2018) study a communication game in which the

sender submits a multi-dimensional message simultaneously with (correct

but partial) data about the joint distribution of messages and the state of

Nature.

M1, ...,MK , such that for every i = 2, ...,K, Mi ∩ (∪j<iMj) ⊆Mk for some k < i.
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6 What Next?

The Bayesian-network framework provides a language for describing causal

misperceptions and tools for exploring their behavioral consequences. The

formalism derives its appeal from its proximity to natural language on one

hand and the availability of rich mathematical techniques on the other hand.

Although this review emphasized implications for equilibrium models, the

formalism may be relevant for non-equilibrium models, too. Mailath and

Samuelson (2018) study information aggregation when different individuals

form conditional beliefs of some dependent variable based on private infor-

mation and different subjective models. An individual agent’s model can be

represented by a DAG with two maximal cliques, only one of which includes

the dependent variable. Agents (truthfully) communicate their beliefs re-

peatedly as in Geanakopolos and Polemarchakis (1982), such that an agent’s

belief in stage k + 1 takes other agents’stage-k beliefs as an input. Mailath

and Samuelson (2018) examine whether this process converges to a common

belief and whether the correct distribution is in the convex hull of agents’

limit beliefs.

Certain causal misperceptions are outside the expressive scope of DAGs.

A DM’s tendency to form a causal link between his action and some other

variable may depend on the particular action taken. E.g., prescribing a medi-

cine to a patient is more likely to be perceived as a cause of his subsequent

recovery than inaction. DAGs cannot capture this distinction, which lies

at the heart of Spiegler’s (2013) model of strategic policy making when the

public employs a naive heuristic for attributing observed outcomes to pol-

icy makers’moves. Likewise, the DM’s belief in a causal influence may be

“signed” - e.g. he may have a prior belief that investing in a child’s edu-

cation tends to increase his school performance. DAGs cannot encode this

aspect of the causal belief. Finally, this review has dealt exclusively with

static decision problems. The approach is applicable to dynamic models

that exhibit some stationarity (e.g., the infinite-horizon processes with finite

memory studied in Piccione and Rubinstein (2003) and Eyster and Piccione

(2013), or Markov decision models in Esponda and Pouzo (2019)). However,
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non-stationary dynamic models are often outside DAGs’scope. Jehiel (2005)

and Jehiel and Samet (2007) are examples of equilibrium concepts (capturing

coarse reasoning) that are specialized for extensive-form games.

Within the DAG formalism, there is great potential for exploring how

DMs perform causal inferences. In Section 3.2, I observed that in all the

examples in this review, the DM draws correct causal inferences from ob-

servational data given his causal model; his only error is that the model is

wrong. It is interesting to examine situations where this is not the case -

especially when the DM’s DAG includes unobservable variables. In these sit-

uations, if the DM continues to maximize expected utility with respect to the

conditional probability pG(· | a, xI), he may indeed “confuse correlation with
causation”. Between this naive extreme and the opposite pole of normative,

ultra-sophisticated causal inference, is there a middle ground of partially so-

phisticated causal inference that would describe real-life DMs? How can we

model such a middle ground? Can Pearl’s (2009) do-calculus formalism offer

modeling tools?

This does not exhaust the interesting questions one can pose regarding

the economic consequences of causal reasoning: How do DMs elicit causal

models from observational data? How do they react to empirical refutations

of their causal assumptions? What is the role of computational-complexity

considerations in these processes? Such questions suggest that descriptive

modeling of economic agents’causal reasoning will continue to benefit from

ideas that originate in Psychology, Statistics and AI.
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